We study a time-delayed feedback control for initiating period-1 rotations of a vertically excited parametric pendulum from arbitrary initial conditions. The possibility of controlling the direction of rotation has also been explored. We start with a simple linear time-delayed control for which the control gain corresponding to the most stable period-1 rotation has been obtained using the Floquet theory. This control increases the basins of attraction of rotations, but they do not encompass the full initial condition space. We modify our control law by using a switched control gain that destabilizes all the oscillatory solutions, and the entire initial condition space becomes the basin of attraction of either the clockwise or the anticlockwise rotation. By a suitable modification of the switching condition, we can choose a preferential stable direction of rotation. Hence, we can initiate either clockwise or anticlockwise rotation for a parametric pendulum from arbitrary initial conditions. Performance of our controller in achieving this objective has been demonstrated for different sets of parameters to establish its effectiveness.
Initiation and directional control of period-1 rotation for a parametric pendulum We study a time-delayed feedback control for initiating period-1 rotations of a vertically excited parametric pendulum from arbitrary initial conditions. The possibility of controlling the direction of rotation has also been explored. We start with a simple linear time-delayed control for which the control gain corresponding to the most stable period-1 rotation has been obtained using the Floquet theory. This control increases the basins of attraction of rotations, but they do not encompass the full initial condition space. We modify our control law by using a switched control gain that destabilizes all the oscillatory solutions, and the entire initial condition space becomes the basin of attraction of either the clockwise or the anticlockwise rotation. By a suitable modification of the switching condition, we can choose a preferential stable direction of rotation. Hence, we can initiate either clockwise or anticlockwise rotation for a parametric pendulum from arbitrary initial conditions. Performance of our controller in achieving this objective has been demonstrated for different sets of parameters to establish its effectiveness.
Introduction
Rotating solution of a parametric pendulum has gained a lot of attention from researchers in recent times [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] especially with a view to exploiting it for harvesting energy from waves [19] . Period-1 rotation is the simplest such solution and can exist for the smallest magnitude of the parametric forcing. Hence, it is the most desirable motion for the energy extractor. However, it is well established that rotation can be achieved only from some specific set of initial conditions, and some control is required to initiate a rotary response for a typical parametric pendulum. In this paper, we discuss a time-delayed feedback control that leads to period-1 rotations from an arbitrary initial disturbance.
Various dynamical aspects of the rotary solutions of a vertically excited pendulum have been studied [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . In particular, Capecchi & Bishop [1] were probably the first to study the basins of attraction of the period-1 rotation of a vertically excited parametric pendulum. This was followed by Clifford & Bishop [2] , who numerically obtained the regions in the parameter space of the amplitude and frequency of the parametric forcing corresponding to the existence of the various types of rotation, such as, period-1, oscillation-rotation, subharmonic rotation. In a related study, Bartuccelli et al. [3] numerically investigated the basins for the different attractors of a vertically excited parametric pendulum for three sets of parameters corresponding to differing stability of the upward and downward states of the parametric pendulum. However, this study was limited in its scope and did not give a complete picture of the various solutions possible for the parametric pendulum. Such a study was reported by Xu et al. [4] wherein they performed an exhaustive study on the forcing parameters corresponding to the existence of different rotating and oscillating attractors. They also discussed the basins associated with the various attractors. Lenci & Rega [5] used the concept of dynamical integrity to explain the smaller basins obtained experimentally when compared with the theoretical calculations. These studies suggest that the basin of attraction of the rotary solution is rather limited and largely restricted to initial disturbances with significant energy. Hence, there is need of a control that will initiate rotation from small initial disturbances and if possible, from all initial conditions (the entire initial condition space being the basin of attraction of a rotary solution). Proposing an appropriate control law and demonstrating robust initiation of a period-1 rotation for the parametric pendulum are the main objectives of this study.
However, while proposing a control to initiate rotation, one has to be careful that the control parameters are chosen such that it does not destabilize the rotary solution. To ascertain these parameters, one generally needs to perform a linear stability analysis that requires a closed-form analytical expression for the rotating solution. Such an analytical approximation was presented by Bryant & Miles [6] using the harmonic balance method. However, some crucial details of the method were missing which were provided by Capecchi & Bishop [1] . In a related study, Xu & Wiercigroch [7] obtained analytical approximation for the rotary solution using the method of multiple scales. Lenci et al. [8] obtained an alternate analytical approximation for the period-1 rotation using a perturbation technique wherein the initial phase and velocity of the solution were expanded in a series. However, this approximate solution cannot be used for stability calculations because it does not involve an explicit expression for the angular displacement as a function of time. In a recent study, Das & Wahi [9] compared various analytical approximations for the period-1 rotation and found that the harmonic balance method (including higher harmonics) leads to the simplest and best approximation over a large range of parameter values. Guided by this, we employ a harmonic balance-based approximation for the period-1 rotation in performing a linear stability analysis to determine the appropriate control parameters.
There have been limited studies on the control aspect of period-1 rotation [13] [14] [15] [16] [17] [18] and all of them are based on time-delayed feedback. In a conference paper, Najdecka et al. [13] proposed an extended time-delayed feedback control and showed that all initial disturbances led to either anticlockwise or clockwise period-1 rotation. 1 A similar control law has been reported in the PhD thesis of Najdecka [14] . Both these control laws are non-smooth in nature owing to the appearance of a 'signum' function. In contrast, Yokoi & Hikihara [15] proposed a smooth extended time-delayed feedback control to initiate a preferential direction of rotation and demonstrated it experimentally in [16] . They obtain the values of control gains where the other attractors disappear by merging with a repeller and the preferred period-1 rotation is stable. However, their control law is not effective for all sets of forcing parameters as the period-1 rotation destabilizes before the disappearance of the oscillating attractor. In a related study, de Paula et al. [17] used another extended time-delayed feedback control to prevent period-doubling bifurcation of the period-1 rotation, but they have not discussed the various attractors and their basins. Vaziri et al. [18] experimentally showed the initiation and maintenance of period-1 rotation using the control proposed by Najdecka [13] for some initial disturbances. In this paper, we propose an alternate time-delayed feedback control law that can be reliably used to obtain period-1 rotation for all initial conditions as well as choose a preferential direction of rotation for all sets of forcing parameters. Our control law is globally non-smooth in nature, but is smooth in the vicinity of all period-1 attractors. Hence, we can perform a linear stability analysis in order to choose the most appropriate control parameters.
The rest of the paper is organized as follows. In §2, we present the mathematical model corresponding to a physical model of the energy harvester and also discuss the need for a control law to initiate period-1 rotation from all initial conditions. In §3, we have studied the dynamics of the system with a simple linear-delayed controller. We propose an extended timedelayed feedback control with switching of control gains that initiates either anticlockwise or clockwise rotation in §4. We have discussed the choice of the control gains for a sample set of parameters in this section. Modifications to this control law in order to initiate and stabilize a preferential direction of rotation are outlined in §5. In §6, we present the effectiveness of the proposed methodology with changes in the operating parameters. We finally conclude this study in §7.
Equation of motion
The schematic of a device for harvesting energy from water waves using a pendulum and the corresponding simplified physical model is shown in figure 1 . To obtain the physical model, the base and the pendulum rod are assumed to be rigid and massless with the entire mass M concentrated at the pendulum bob. It is further assumed that the base is constrained to move only in the vertical (Y)-direction. The resultant base motion is assumed to be sinusoidal (A cos(ωt)), where A is the amplitude of excitation andω is the frequency of excitation. In effect, we have neglected the interaction between the water waves and the energy harvester. A torsional damper with a damping coefficient (C) is added at the pivot to emulate dissipation in the system which includes energy extraction by secondary devices such as a turbine for energy harvesting. A control torque (T c ) is applied at the pivot to initiate rotation. Hence, the simplified physical model reduces to a vertically excited parametric pendulum with damping and an external control torque. The equation of motion (EOM) of the corresponding physical model is derived using the Euler-Lagrange equation, taking θ as the only generalized coordinate. The obtained EOM is
where g is the acceleration owing to gravity, L is the length of the pendulum and ω n = g/L. Non-dimensionalizing time using the scale derived from the excitation frequencyω, we geẗ
where
We have represented the nondimensional time as t for simplicity of presentation.
To understand the need for the control torque, we first focus on the dynamics of the system without the control torque. In the absence of the control torque rotations exist over a large range of parameters a and b for any given c, and they are also stable over a large set of operating parameters. However, the problem arises because they are not the only attractor for any set of parameters. There is always at least one other attractor [3, 4] . In this paper, we have chosen four sets of parameters and for each of these sets of parameters, four attractors coexist. These four attractors are (i) the fixed point (θ,θ ) = (0, 0), (ii) period-2 oscillation about the (0, 0) fixed point, (iii) period-1 anticlockwise (θ mean = 1 andθ (t) > 0 ∀ t) rotating solution, and (iv) period-1 clockwise rotating (θ mean = −1 andθ(t) < 0 ∀ t) solution. 3.14) × (−2 : 0.02 : 2). The solution after the first 100π non-dimensional time is checked in intervals of 20π to ascertain its proximity to one of the four attractors. For this purpose, the maximum absolute error between the numerical and the analytical approximation (obtained using harmonic balance [9] ) forθ has been used as the metric. As soon as the maximum error reduces below 0.01, the simulation is stopped and that initial condition is mapped with the appropriate attractor. We have obtained the basins of attraction of the period-2 oscillation as well as the (0, 0) fixed point also but have not shown them in figure 2 because they are not the attractors of interest for this study. In this paper, we are interested only in the period-1 rotation(s), and our goal is to initiate and maintain rotating solution(s) from all initial conditions belonging to the (θ(0),θ(0)) space. In other words, we want the basin(s) of the period-1 rotating attractor(s) to span the entire space of initial conditions. To achieve this, we require some control which is applied in the form of an external feedback torque, i.e. F c .
This external torque, F c , should vanish for period-1 rotation(s), so that there could be a net energy harvesting. The previous time-delayed control laws proposed in [13] [14] [15] satisfy this criterion. In this paper, we use another time-delayed control law that not only vanishes for the period-1 rotation(s), but also vanishes for all period-1 solutions. Hence, it can be used in circumstances where other period-1 solutions such as oscillations might be desirable. Initiation of period-1 rotation(s) with the control torque F c proposed in this paper is demonstrated for four sets of parameters, viz.
We first start with a = 0.5, b = 0.1, c = 0.03 which is used as a benchmark set for the detailed elaboration in the following sections.
Dynamics of the pendulum with a simple linear delayed feedback
As noted already, the form of F c should be chosen in a way that the original period-1 rotations of equation (2.2) are not disturbed. As a first guess, we start with the simplest linear time-delayed controlθ
where K is the control gain, Λ = Round[(θ (t) − θ(t − 2π ))/2π ] with Round (.) implying the nearest integer corresponding to (.). It is evident from equation (3.1) that the control torque corresponding to period-1 rotation(s) is zero. This control torque
] is an extension of the control proposed by Pyragas [20] , to accommodate period-1 rotations. We note that there are some similarities and differences between the control law proposed above and that proposed in [14] . In the vicinity of the period-1 rotations, Λ assumes a value of either 1 (for anticlockwise) or −1 (for clockwise) and hence, plays the same role as the sgn(θ) as used in [14] . However, for small initial disturbances, Λ = 0 which causes the current law to be different from the one used in [14] . Hence, the global behaviour of the controller with the two control laws will be different.
Another difference between the two control laws arises from the practical viewpoint of the used sensor. The control law used by Najdecka [14] will not work if the available sensor gives the angular displacement between [0, 2π ] instead of a monotonically changing value for the period-1 rotations. In contrast, our control law will be able to work even with such a sensor. However, we see soon that the simplest control law as given in equation (3.1) does not achieve the desired objective of initiating period-1 rotations for all initial conditions and we need to modify it. Period-1 rotations can be initiated from all initial conditions, if we can find a value of the control gain K such that all other attractors except the period-1 rotating attractor(s) become unstable. The stability of the fixed point (0, 0) and the rotating solutions can be easily 
where η(t) 1 is a small perturbation around the steady solution Θ(t). However, this procedure cannot be applied to study the stability characteristics of the period-2 oscillation, because this solution gets modified by the control torque. Furthermore, the amplitude of the oscillatory solution could be large enough that Λ does not assume a single value throughout the time-period. As a result, any perturbation in the steady solution for the period-2 oscillation will modify the time-instants at which the value of Λ changes and hence, equation (3.2) does not represent the correct linearization about the period-2 oscillation of equation (3.1). In fact, it may not be possible to linearize equation (3.1) about the period-2 solution. Hence, to study the stability of the period-2 oscillation, we rely on numerical simulation of equation (3.1) with initial solution corresponding to the period-2 solution of the uncontrolled system. It is also worth noting that the term involving
2) is cos(Θ(t)). As cos(−Θ(t)) = cos(Θ(t)), the stability calculations for both anticlockwise and clockwise rotation are exactly the same and hence, we do not differentiate between the two rotations. We first study the stability of the fixed point and the period-1 rotation for which the linearized equation, i.e. equation (3.2) is valid. For the period-1 rotation, we have used an analytical approximation using the method of harmonic balance with the first three harmonics [9] . We note that we have only one control parameter (the control gain K), and we study the change in the stability behaviour of the solution with changing gain K. For stability calculations, we employ the Floquet multipliers evaluated using the semi-discretization method [21, 22] corresponding to Θ(t) = {(0, 0), period-1 rotation} for the different values of K. The formulae used for constructing the state transition matrix are given in [21] . Because the time period of the variable coefficient [(a − b cos t) cos Θ(t)] corresponding to both (0, 0) and period-1 rotating solutions is 2π and the delay is also 2π , the procedure gets simplified and a single integer, i.e. N, is taken to discretize the time period and the delayed interval. To ensure convergence, N is taken to be 200 which results in a state transition matrix of size 202 × 202. The eigenvalues of this state transition matrix are analogous to the Floquet multipliers of time-periodic ordinary differential equations. The dominant eigenvalue, i.e. the largest according to absolute value, decides the stability of Θ(t). A value of the dominant eigenvalue greater than 1 implies instability. For the set of parameters, i.e. a = 0.5, b = 0.1 and c = 0.03, the dominant Floquet multiplier for both (0, 0) and period-1 rotation, thus evaluated, for different K are shown in figure 3 . We have also calculated the Floquet multipliers by obtaining a set of ordinary differential equations from the linearized delay differential equation, i.e. equation (3.2) after the application of Galerkin projection [23] . However, we have found that semi-discretization is computationally more efficient for calculating the Floquet multipliers and hence, have reported results using semi-discretization alone.
From figure 3 , it is clear that the Floquet multiplier for the (0, 0) solution monotonically increases, and it becomes unstable at K = 0.0216. In contrast, the Floquet multiplier of the period-1 rotation has a non-monotonic behaviour. It initially reduces with an increase in K but starts to increase after reaching a minima. Further increase in the control gain K causes the dominant Floquet multiplier to reach a maximum after which it starts decreasing again. The period-1 rotation remains stable only till K = 0.0275. It can also be noted that the absolute value of the dominant Floquet multiplier corresponding to period-1 rotation achieves its minima at K = 0.0213. Hence, rotation is most stable for the control gain of K = 0.0213. However, at this gain value, the fixed point has not become unstable and hence, we cannot use this control gain. Any value of control gain in the interval [0.0216, 0.0275] results in two stable rotations with an unstable fixed point (0, 0). Another interesting feature of the dominant Floquet multiplier for rotation is that it reaches a maximum at K = 0.2. This corresponds to the most unstable period-1 rotation, and this information will be useful in choosing a preferential direction of rotation later on.
We next come to the period-2 oscillation. For the current set of parameters, i.e. a = 0.5, b = 0.1 and c = 0.03, the amplitude of period-2 oscillation is large enough and linearization around it is strictly not possible. Therefore, we resort to numerical simulations to determine the control gain corresponding to loss of stability of the oscillation. We find that period-2 oscillation does not become unstable in the interval [0.0216, 0.0275] where the fixed point is unstable, but the period-1 rotation is stable. In fact, we find that period-2 oscillation loses stability at K ≈ 0.04. Hence, with the simple linear time-delayed control as proposed in equation (3.1), we cannot get all initial conditions to lead to either of the rotary attractors. Because, for the control gain corresponding to a stable rotation, oscillation is also stable, some initial disturbances lead to periodic oscillatory response. Moreover, numerical simulations reveal that small initial disturbances do not lead to rotation either as they result in a quasi-periodic oscillation. Consequently, the combined basin of attraction of the period-1 rotations is still restricted to a rather small region of the initial condition space as can be seen in figure 4 for the control gain of K = 0.023 and table 1. figure 4 with the uncontrolled case in figure 2 , we observe that the combined basin with K = 0.023 has become larger with the inclusion of the control torque, but the desired objective of initiating rotations from all initial disturbances has not been achieved. From figure 4 , it is clear that mostly the initial conditions with smaller initial energies have not gone to period-1 rotations. This is because the controller with the control gain corresponding to a stable period-1 rotation does not supply enough energy to take the low-energy oscillatory state to the high-energy state of rotation. Hence, a switched controller that has a large control gain for small magnitude disturbances to be able to supply enough energy to initiate rotation but smaller control gain for large angular displacements so as not to destabilize the period-1 rotation(s) is required. Such a controller is proposed next.
Delayed control with switching for robust initiation of period-1 rotation
Motivated by the results of §3, we propose a new control torque with switching of the control gain as
where γ 1 and γ 2 are switch parameters with γ 1 , γ 2 ∈ [0, 1). Note that our controller now has four parameters: the two control gains k 1 and k 2 , and the two switch parameters γ 1 and γ 2 .
The first line of the control law (equation (4.1)) ensures that there is no control torque when the pendulum rotates faster than the forcing frequency. Dissipation in the system slows the pendulum, so that it approaches either of the period-1 rotations. The second line of equation (4.1) is applicable for situations when the solution is in the vicinity of a period-1 rotation and hence, an appropriate choice of the control gain k 1 is the one for which rotation is most stable. The switch parameters γ 1 and γ 2 define the neighbourhoods of the period-1 rotations where this control law is active. From the range of γ 1 and γ 2 , we can note that Λ in this line of the control takes values of only 1 or −1 making it equivalent to the control law in [14] . At present, we do not have a general recipe for the choice of these switch parameters. However, we have found that if the fixed point (0, 0) is unstable for the control gain k 1 , a choice of γ 1 = γ 2 = 0 leads to the desired outcome. There are nonetheless situations (to be discussed later) wherein the fixed point does not become unstable for the control gain k 1 , and we require some finite values of γ 1 and γ 2 (a smaller region of the space around the period-1 rotation with the control gain k 1 ) to achieve our objective of robust initiation of rotations for all initial disturbances. Finally, the last line of equation (4.1) is applicable for smaller magnitude solutions typically corresponding to oscillations and the value of k 2 should be large enough to destabilize the oscillatory solutions (and the fixed point) and supply enough energy to take them to the state of rotation. For γ 2 = 0, Λ = 0 is always true for this portion of the control law. However, for γ 2 = 0, Λ can take values of 0, 1 and −1 depending on the solution.
We have found that the choice of the two control gains k 1 and k 2 is critical in determining our objective efficiently while the choice of switch parameters γ 1 and γ 2 largely determines the time taken for the initial conditions to reach the rotary solutions. The control gain k 1 is mainly responsible for the maintenance of the period-1 rotations. For the choice of the control gains, the knowledge of the variation of the stability properties of the various attractors of the uncontrolled system with the control gain (K) is critical. From figure 3, which was obtained for the current set of parameters, i.e. a = 0.5, b = 0.1 and c = 0.03, we observe that the most appropriate choice for k 1 is 0.0213. However, the (0, 0) solution is not unstable at this control gain k 1 and hence, we might require non-zero values for the switch parameters γ 1 and γ 2 . To avoid using non-zero values for γ 1 and γ 2 , we have chosen k 1 = 0.023 for which the (0, 0) solution has become unstable, whereas the period-1 rotation is still stable and have used γ 1 = γ 2 = 0.
The other control gain k 2 is introduced for rapid destabilization of the (0, 0) and period-2 oscillation, and we should use a value large enough that these attractors become unstable. Accordingly, for the current set of parameters, i.e. a = 0.5, b = 0.1 and c = 0.03, any value of k 2 larger than 0.04 would be acceptable. However, for values close to 0.04, small magnitude disturbances take very long to build up enough energy to reach the state of rotation. Hence, we choose a value of k 2 significantly larger than 0.04 which ensures smaller settling times to a final period-1 rotation. However, a very large value for k 2 is also not desirable because it causes the pendulum to rotate very fast initially leading to a significant overshoot from the period-1 rotation and longer transients. We have chosen a value of k 2 = 0.2 which corresponds to that value of K for which the absolute value of the dominant Floquet multiplier corresponding to rotation achieves its first maxima. We note that there is no correlation between these two values, and this choice here seems ad hoc. However, this choice of k 2 becomes useful when we discuss the initiation of rotation with a preferential direction of rotation in §5.
Taking these values of control gains and switching parameters, we numerically integrate equation (2.1) with F c corresponding to equation (4.1) to calculate the basins of attraction for period-1 rotations. As before, we do not apply the control, i.e. k 1 = k 2 = 0, from t = 0 to t = 20π , after which we apply the switch delayed control according to equation (4.1). The basins of attraction of the clockwise-and anticlockwise-rotating solutions, thus obtained, are shown in figure 5 . From figure 5 , it is clear that all the initial conditions except (0, 0) have gone to one of the period-1 rotations. Only (0, 0) initial condition which is a fixed point of equation (2.1) with F c given by equation (4.1) has not gone to any of the period-1 rotating solutions. In real practical situations, small disturbances are always present for which our switched controller will initiate either of the period-1 rotations.
Even though our objective of initiating period-1 rotations for any initial disturbance has been achieved, we have little control over the direction of rotation as can be seen from figure 5. The boundaries between the basins of the clockwise and anticlockwise rotation is fractal in nature and hence, the final direction of rotation cannot be predicted especially for smaller disturbances. It would be nice if we had precise control over the direction of rotation of the pendulum, so that we can exploit it to balance the wave energy extractor. A controller, which helps us in controlling the direction of rotation of the pendulum, is proposed next. 
Controlling the direction of rotation
In this section, we modify the switching condition between the two control gains so as to destabilize one of the period-1 rotations leading to a unique stable period-1 rotation to which all initial conditions lead. Here, we present the required modification that destabilizes clockwise rotation and anticlockwise rotation is chosen as the preferential solution of the pendulum. The required controller for the clockwise rotating solution as the only stable solution can be worked out analogously. To control the direction of rotation, the switching condition in the control torque is modified as
where the various control parameters are the same as defined in §4. The first line of equation (5.1) is the same as that of equation (4.1) and hence, all disturbances leading to rotations faster than period-1 rotations are uncontrolled and they lose energy owing to dissipation. However, the range of applicability of the control force with control gain k 1 in equation (5.1) has been modified such that it is active only when the trajectories are in the vicinity of the anticlockwise rotating solution.
The switch parameters γ 1 and γ 2 determine the extent of this region as in §4. For trajectories which are closer to the oscillating or the clockwise rotating solutions, a control gain of k 2 is used. This results in destabilizing all of these solutions. The choice of k 2 to be the value of K for which the period-1 rotation is most unstable causes the trajectories around the clockwise rotation to move away at a faster rate leading to small settling times to the anticlockwise rotation. we have been able to initiate and maintain a period-1 rotation with a preferential direction of rotation.
In §6, we employ the control laws proposed in §4 and this section with other sets of parameters to establish their effectiveness in attaining the desired objectives for a range of operating conditions. However, before that we list the influence of the various control strategies on the size of the basin of attraction of the anticlockwise (CCW) rotation as estimated using the formula given in [24] with 95% confidence in table 1. It can be seen that the delayed control with switching is reliably achieving the desired objectives even though the basin boundary between the basins of both rotations is fractal in nature. Furthermore, it can be noted that except for the control law represented by equation (5.1), the controlled (and the uncontrolled) system is symmetric and hence, the size of the basin of attraction of the clockwise and the anticlockwise rotations is the same.
Other sets of operating parameters
In this section, we apply our control laws to initiate both period-1 rotations (as outlined in §4) and the preferential anticlockwise rotation (as in §5) for three other sets of parameters. We have already discussed the procedure for choosing the control gains, but a similar discussion on the choice of the switching parameters has been missing. Hence, we start with a detailed discussion about the choice of the control parameters for given operating parameters based on linear stability analysis in §6a. Following this, we have obtained a coarse estimate of the respective basins of attraction for the appropriate values of control gains and switching parameters for chosen set of operating parameters.
(a) Choosing the control parameters through linear analysis
We first obtain the regions of stability of the fixed point and the period-1 rotation in the space of the excitation amplitude, i.e. b and the control gain K for the simple linear controller defined in equation (3.1) for three discrete combinations of the operating parameters a and c. The excitation amplitude b has been chosen in the range corresponding to stable period-1 rotation of the uncontrolled system, i.e. between the saddle-node bifurcation and the period-doubling point. For each combination of a, c and b, we obtain the gain K corresponding to the onset of instability of (0, 0) and period-1 rotations through the Floquet multipliers calculated using equation (3.2) . Similarly, we have also obtained the locus of the control gain K with varying b corresponding to the most stable rotation (the value of K at which the absolute value of the dominant Floquet multiplier achieves its first minima for each value of b). Relative location of this locus with respect to the stability boundary of the (0, 0) solution plays a critical role in determining the choice of the control gains and the switching parameters. These stability diagrams have been obtained for three combinations of a and c, viz. a decrease in a in the second set with the same c, there exists a range of b for which the locus of the most stable rotation is above the stability threshold of (0, 0). Finally, for the third set of parameters for which c has been increased, we find that period-1 rotation loses stability before the fixed point (0, 0) over the entire b range. From figure 7 , it is also clear that the stability margin for the control gain reduces with an increase in b for all the three sets of parameters making higher excitation amplitude undesirable again. We now discuss the choice of control parameters based on the stability boundaries presented in figure 7 . For the first set of parameters, i.e. a = 0.5 and c = 0.03, we observe from figure 7(i) that the locus of the most stable rotation always stays below the stability boundary of (0, 0). Around b = 0.1015, they come very close to each other. In this region, i.e. a small region around b = 0.1015, we can choose a value of k 1 around the value corresponding to the most stable rotation such that (0, 0) becomes unstable as well and initial conditions in a significant region around the rotary solution gets attracted towards it. Hence, small values of γ 1 and γ 2 will be sufficient. In fact, the choice of operating parameters in § §4 and 5, i.e. a = 0.5, b = 0.1 and c = 0.03 belongs to this regime for which even a choice of γ 1 = γ 2 = 0 resulted in the desired outcome. Away from this regime and especially to the right, i.e. higher excitation, a much larger control gain k 2 is required for initiation than the control gain k 1 required for maintaining the period-1 rotation. Hence, in this regime, we should use non-zero values for the switching parameters γ 1 and γ 2 which effectively reduces the region(s) around the period-1 rotation(s) where the control gain k 1 is active. As a result, the control gain k 2 becomes effective over a much larger domain increasing the possibility of a trajectory with an arbitrary initial condition leading to the region around rotation(s) and also reducing the transient time. However, if the values of γ 1 and γ 2 become very large, then the region corresponding to k 1 could become so small that the solution trajectories will enter it with sufficient energy to cross it leading to a significant overshoot followed by a slow settling down to period-1 rotation(s). Hence, the transients could become very long. To prevent this, we should avoid values of γ 1 and γ 2 close to 1. In our experience with different sets of parameters, we have found moderate values around 0.3 for γ 1 and γ 2 to give the desired outcome within a time period of 600π . A systematic recipe for the choice of γ 1 and γ 2 has been left for future work.
From figure 7 (ii), we can note that for the second set of parameters, i. For the third set of parameters, i.e. a = 0.5 and c = 0.1, the fixed point (0, 0) is very stable because of large damping and hence, a fairly large control gain is required to destabilize it. Furthermore, the locus of most stable rotation is below the stability threshold of the (0, 0) solution over the entire range of b values. Hence, even with a choice of gain k 1 corresponding to the most stable rotation, the extent of the region around it which will attract trajectory to itself is expected to be smaller. Accordingly, for any value of b, non-zero values of γ 1 and γ 2 is warranted. For this set of parameters, we present the basins of attraction for b = 0.24 to demonstrate the initiation of rotation(s) in §6b. From the variation of the dominant Floquet multiplier depicted in figure 10 , we find that there exists no K values for which (0, 0) is unstable and rotation is stable. Hence, we have to be careful in choosing the switching parameters. We choose the gains k 1 = 0.01 and k 2 = 0.14 for which (0, 0) has also lost its stability and the switching parameters, γ 1 = γ 2 = 0.3. The choice of 0.3 for γ 1 and γ 2 reduces the region(s) where period-1 rotation(s) is(are) being stabilized, so that there is more region available for the initiation process. Here, the switching parameters, i.e. γ 1 and γ 2 , are taken to be the same, but there is no restriction on choosing different γ 1 and γ 2 . This choice has been done purely for convenience. The basins of attraction for the control forces as equation (iii) a = 0.5, b = 0.24 and c = 0.1
Finally, we consider the parameter set with higher dissipation which is desirable from the point of view of extracting more energy from the system. As can be seen from figure 12, destabilizing the (0, 0) solution requires much larger control gain than the control gain required to ensure stability of the period-1 rotation. Hence, this scenario is very similar to that presented in the §6b(ii). For this set of parameters, we find k 1 = 0.0166 and k 2 = 0.19 as the appropriate control gains with the switching parameters, i.e. γ 1 and γ 2 taken to be 0. 
Conclusion
In this work, we have proposed a control law that can be used to initiate and maintain both period-1 rotations for a vertically excited parametric pendulum from all initial conditions. We further propose a modification to this control law such that a preferential direction of period-1 rotation can be chosen. We have presented a systematic procedure for obtaining the control gains depending on the operating parameters in order to ensure that the desired period-1 rotation is initiated from any arbitrary initial condition. The efficacy of the proposed control law in achieving the desired objective has been demonstrated for four different sets of operating parameters. For each set of operating parameters, we find that the basin(s) of attraction of the period-1 rotation(s) span the entire range of initial conditions except the (0, 0) initial condition which corresponds to the fixed point. In real practical situations, there will always be some disturbance which will ensure that a period-1 rotation is initiated with our control law.
Our control law has four control parameters: two control gains and two switch parameters. We have obtained a recipe for choosing the control gains in order to ensure robust initiation of period-1 rotation(s). However, the robustness aspect of the control also depends on the switching parameters. These switching parameters also determine the transient time taken for an initial disturbance to reach the rotating state. A systematic study to better understand the effect of the switching parameters on these aspects, so that they can be chosen to robustly initiate period-1 rotation(s) in the shortest time can be taken up in future.
